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ABSTRACT

A mathematical model to describe the height changes and other characteristics of an inversion base under
the influence of surface convection and general subsidence is developed. Inversion interface dynamics and
entrainment rates are formulated based on an unstable boundary layer environment of well-organized,
ptume-like, penetrative convection. The use of unstable boundary layer scaling velocities in describing the
convection leads to a natural inclusion of the relevant parameters associated with inversions into this model.
It is found that the model does accurately predict realistic rates of inversion rise and of temperature changes
for conditions where organized free convection is prevalent.

1. Introduction

During the night when the air in contact with the
ground is cooled, a nocturnal inversion is formed. When
the sun rises in the morning, convection develops which
tends to mix the air close to the ground, and thus
creates a layer of constant potential temperature. There
is entrainment of air into this mixed layer as the con-
vection erodes away at the overlying inversion base.
This process causes the inversion base to rise. General
large-scale subsidence can partially or totally counteract
this rise. Cooling of the air above the inversion base
changes the inversion temperature lapse which in turn
modifies the entrainment rate. The mixed layer is heated
by the combined effects of an upward heat flux from the
surface and a downward heat flux from the inversion
layer. Prediction of these inversion-related character-
istics, particularly the inversion height, are desirable
for theoretical studies of the unstable boundary layer.
It is with this incentive that the mathematical mode! of
inversion rise presented in this paper was developed.

There have been numerous atmospheric observations
and laboratory studies of these inversion characteristics.
Tzumi (1964), Kaimal (1966) and Lenschow and
Johnson (1968) have observed inversions rising under
the influence of surface convection, while Neiburger
et al. (1961) and Mendonca and Iwaoka (1969) observed
cases where subsidence was an additional influence.
Laboratory studies have been conducted by Deardorff
and Willis (1967), Turner (1968a,b) and Deardorff et al.
(1969). These last two groups have photographed the
overshoot and entrainment process occurring at the
inversion interface. Penetrative convection has been
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observed in the atmosphere by Reynolds (1970) and
Beran ef al. (1971) using acoustic sounders.

Convection below the inversion base has been
approached theoretically from two directions. One
approach, as modeled by Priestley and Ball (1956),
Morton et al. (1956), Baines and Turner (1969), Fox
(1970, 1972) and Telford (1970, 1972) and as observed
by Warner and Telford (1967), is that of looking at
individual plumes. The other approach is that of
describing the unstable boundary layer in terms of
scaling velocities. This approach was taken by Tennekes
(1970, 1971), Deardorff (1970a,b, 1972), Wyngaard et al.
(1971), Businger (1972) and Arya (1972).

2. Approaches to the problem

Basically, two equations are needed to describe
theoretically the height and temperature of the con-
vective boundary layer. One is an equation describing
the conservation of heat and the other expresses the
conservation of mass under an entrainment assumption.
If we formulate a relation, based on an assumed or
idealized temperature structure in the inversion, that
links entrainment rate to the downward heat flux at
the inversion base, then we see that the desired entrain-
ment assumption can be made either directly, or in-
directly. Directly, an entrainment rate itself can be
assumed. Indirectly, a downward heat flux can be
assumed. Ball (1960) assumed a downward heat flux
equal in magnitude to the surface heat flux, from
consideration of the turbulent kinetic energy equation.
Lilly (1968) recognized that such a heat flux assumption
was unrealistically large, and so postulated that the
magnitude of the actual downward heat flux lies be-
tween zero and that of Ball’s assumption.
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Alternately, by assuming that the convection is non-
penetrative, one arrives at the simple entrainment
assumption that the rate of height change of the inver-
sion base is equal to the rate of temperature change of
the mixed layer divided by the initial lapse rate of the
inversion [see review by Plate (1971)]. However,
entrainment based on this assumption is smaller than
that which is observed.

At the inversion base a physical process occurs which
causes entrainment of air down into the mixed layer and
which creates certain temperature and heat flux profiles.
The entrainment assumptions described in the previous
paragraphs are based on these observable effects of the
physical process. However, the photographs published
by Turner (1968b) and Deardorff ef al. (1969) entice one
to speculate on the actual physical process itself rather
than on its effects. It will be this approach of describing
the physical process itself to get an entrainment rate
equation by which we will attempt in this paper to
model the rise of inversions. Using this approach we will
be able to predict a larger number of atmospheric
variables than were predicted by the simpler models
described above, necessitating a corresponding increase
in the required number of equations. We will neglect
the effects of latent heat and radiation.

3. Basic eguations

From experiment we see that except for thin layers
near the earth’s surface and at the inversion base the
mixed layer under an inversion, when averaged hori-
zontally, is of constant potential temperature. If we
neglect these thin layers, assume horizontal uniformity
of the locally averaged means, and recognize that the
rate of temperature change is approximately equal to
the rate of potential temperature change, then the
conservation of heat equation applied to the mixed
layer is

Fo—Fn=pC,h(30/01), 1

where % is the present height of the base of the inversion,
F the surface turbulent heat flux, F; the turbulent heat
flux at /%, p the density of air, C, the specific heat at
constant pressure of air, ¢ time, and 6 the horizontally
and vertically averaged mean potential temperature of
the mixed layer. Note that F) is negative in the cases
considered here, implying a downward turbulent heat
flux at 4. Also, by applying (1) to any height less than 7,
we see that the heat flux is a linear function of height.
The potential temperature and heat flux profiles
associated with an inversion under these approxima-
tions are shown in Fig. 1.

If we combine the simple entrainment assumptions
as described earlier with (1), the resulting equation
predicting the inversion height as a function of time is

2(Fo—Fy)t
It =yt = ——————, 2
Pczz’Y’
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Fic. 1. Idealized profiles of potential temperature and tur-
bulent heat flux associated with an inversion over penetrative
convection.
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where %, is the initial inversion base height and v’ the
initial inversion potential temperature lapse rate. For
simplicity, this initial lapse rate is assumed to be con-
stant with height. Although (2) is not used in the present
model, we see that if the present model is to always feel
the effects of the initial lapse rate, then our present
model should asymptotically predict a height-time
dependence as shown by (2).

In the photographs referred to earlier, we notice that
thermal convection, possibly in the form of plumes,
tends to overshoot the inversion base to form protruding
domes. These domes are visualized as sinking back into
the mixed layer. While above the inversion base, there
should be little entrainment between the fluid within
the dome with the stable fluid outside of the dome.
However, as a dome protrudes into the stable layer,
“wisps” of fluid from above the inversion base may be
visualized as being extruded between the plumes down
into the mixed layer, in conformity with conservation
of mass (see Fig. 2). These wisps would then be en-
trained into the mixed layer by the turbulent eddies
present there, and thus not return above the inversion
base.

The increase in mass due to entrainment of fluid into
the mixed layer forces the inversion base to rise. This is
counteracted to some extent by divergence associated
with large-scale subsidence. The net change of height of

{a) {b) (c)

Fic. 2. Representation of penetrative convection. An idealized
dome-wisp pair (a) can be pictorially represented by a square-
shaped form (b), from which the resulting rise of the inversion
base can be more easily seen (c) for the case of complete entrain-
ment of the wisp.
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the invetsion base is thus
dah
—=w.tw (), 3)
dt

where », is the entrainment velocity (rate of volume
entrained per unit area) and w,(#) the synoptic-scale
vertical velocity at .

We put forth the following hypothesis to arrive at
the entrainment velocity. On the average over a fixed
area, there occurs a dome-wisp pair as shown in Fig. 2a,
where 7 is defined such that the volume of the wisp
equals the volume of the dome and where the average
overshoot distance above the inversion base is d. By
representing this dome-wisp pair by a square-shaped
pair as shown in Fig. Zb, we can easily see that after the
wisp is completely entrained, the inversion base in that
area will have risen by 0.54, as in Fig. 2c.

With this definition of / as visualized in Fig. 2, we see
that % is the level through which there is the maximum
amount of eddy mass transfer caused by the domes
and wisps. Assuming the fluid in the dome and in the
wisp are each of uniform temperature throughout those
separate features, then our definition of % is consistent
with the usual definition used for /%; that is, % is the level
of maximum downward turbulent heat flux.

The entrainment velocity can now be defined as

€(0.5d
We== ( >7 4)

L

where 7, is a time scale reflecting how often a dome-wisp
pair is formed. An entrainment coefficient ¢ has been
included to take into account the fact that the wisp may
not be completely entrained into the mixed layer, or
similarly that some detrainment takes place in the
stable region. The actual value for ¢ should be found
from atmospheric measurements. The expressions
needed to describe ¢ and I, are developed below.

The maximum overshoot distance d can be found by
a force balance, yielding

d=ow/v, ' (3

where w is the velocity of the plume as it just reaches
the inversion base, and v the Brunt-Viisilld frequency
(gT108/ 02)%, and where the factor « takes into account
the following counteracting plume properties which are
not otherwise explicitly included in this derivation. One
is that pressure forces in the vertical would tend to
flatten the plume above the inversion base to become
mushroom-like, thus forcing d to be smaller than
idealized. However, the fact that the underlying plumes
sustain the domes for a period of time longer than ex-
pected for a simple overshooting bubble would thus
tend to increase d from that which is idealized. Since
these effects tend to compensate each other, we would
expect @ to be approximately unity.

ATMOSPHERIC SCIENCES

VovLume 30

For simplicity, we will use 96/9z=+ where v is the
average potential temperature gradient over the dis-
tance of overshoot. If, on the other hand, the inversion
can be characterized by a temperature discontinuity
of A6, then the maximum overshoot can be better
represented by d=wu2T/(2gA6), where T is the mean
temperature near the inversion base and g the accelera-
tion due to gravity.

As referred to earlier, a scaling velocity has been
derived which applies to the unstable boundary layer;
this scaling velocity (wy) is

ghFo\} ‘
W= . (6)
TpC,

Deardorff’s (1972) numerical results along with some
experimental points included in his paper for comparison
show that plume velocities as a function of relative
height in the boundary layer can be scaled to (6).
Assuming the rigid lid on Deardorff’s model corresponds
to the height of maximum overshoot in this hypothesis,
and that the distance of plume overshoot is roughly
109, of the inversion height, then from Deardorff’s
Tig. 8 we see that

w~0.4w,. )

This approximation is also in line with data from
measurements by Telford and Warner (1964). This
value for w can then be used in (5).

To find the entrainment rate, we must know how
often a dome-wisp pair is formed. Assuming that plume
velocities can be scaled to (6), and that plume heights
are roughly equal to ., we see that convective plumes
can be time-scaled by /%/w,. Since the dome-wisp pairs
are formed from convective plumes, it is inviting to
suggest that the frequency of occurrence of these pairs
is related to this same scaling time. Based on acoustic
sounding data taken by Reynolds (1970), we estimate
the scaling time {, for dome-wisp pairs to be

£~ 0.350/wy. (8)

This estimate is based on a number of cases where the
mean wind was relatively weak, so that our estimate
reflects the local generation rate of plumes rather than
the advection of plumes past the sounder. This value
for ¢4 can now be used in (4).

Combining (4), (3), (6), (7) and (8), we obtain

F, 1 g —%
d= 0.404(-—-—-) <—> hiy—t, %)
oC, T

FO H g ]
we=0.57E<———> (—) iy
oC,/ \T

where E=ae.
To use (9) and (10) we must know how v changes as
the inversion rises. We can find this change in the follow-

(10)
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ing manner. By assuming that the fluid in the wisp has
come from the volume within 0.5d of the inversion base,
and then assuming that the mean temperature of this
fluid is the same as the fluid temperature in the middle
of this layer (i.e., at 0.25Ed), then we see that the heat
flux at 4 is

(11)

where ©(z) is the horizontally averaged, height-
dependent potential temperature above the inversion
base. Although in the real atmosphere not all of the
plumes would overshoot to the same distance d, on the
average (11) is valid.

The total cooling above the inversion base is

Fy=~pCy[ O] nro.2sa~ 0w,

a0() 'O
+v- V.0 (2)+ws + :
dt at 9z dz

dO(z) 90(z)

(12)

where —dw'@'/dz is the cooling due to the turbulent
overshoot of the plumes, v-V,0(z) is the horizontal
advection of potential temperature in the small layer
of interest, and dO(z)/d! indicates effects such as
radiative cooling. Upon rearranging (12) and neglecting
the effects of radiation and horizontal advection, we get

30(z) IO
a! 8z 0z

, for 2>k (13)

This fact that not all of the plumes overshoot to the
same distance, however, is important in determining
the cooling distribution above the inversion base. By
assuming a random variation of plume velocities at the
inversion base, we would find a Gausian distribution of
plume heights centered about d. Because the cooling
rate associated with the overshoot of one plume is an
asymmetric spike with maximum intensity at d/2, the
cooling resulting from a Gaussian overshoot distribution
would be a skewed bell-shaped curve with maximum
intensity at d/2. For simplicity, however, it is con-
venient to assume that the cooling distribution itself is
Gaussian. This can be expressed by

d(w'@’) 4F,
0z (2m)4pCyd

exp(~7%/2), for z>h, (14)

where

r=[4(z—h)—2d]/d. (15)
In (14) and (15) we have arbitrarily sized the Gaussian
distribution such that about 959, of the cooling occurs
within the distance d. We must remember that (14)
and (15) are completely arbitrary; that is, if we know
what the real distribution is, then we should use that in
place of (14) and (13).
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From integrating (13) over time, we sce that we are

finally able to describe the temperature profile above
the inversion base. If we approximate this profile by

®Id+h—‘l9
= ]
d

(16)

we now have the expression for v that was needed for
use in Egs. (9) and (10). Combining this approximation
for v with (5) gives d=w?T/[g(©|sr1a—6)], which we
pote is similar, within a factor of 2, to the expression
for d for a finite temperature discontinuity of A®, as
was written earlier.

Upon neglecting individual density change within the
mixed layer, the continuity equation applied to the
whole troposphere is

dw, ou 0Ov
)
0z dx dy
where u, v, w, are the wind velocities in the x (east),
v (north) and z (upward) directions, respectively. If,
for simplicity, we assume that the large-scale divergence
as described by the right-hand side of (17) is equal to a

constant b, then we see that the synoptic-scale vertical
velocity is a linear function of height, i.e.,

(n

(18)

Our mathematical model of inversion rise is now
completed. Egs. (1), (3), (9), (10), (11), (13), (14), (15),
(16) and (18) are a closed set with which we can predict
h, 8, ©(2), v, ws, we, d, Fy, (w'©’) and 7. Unfortunately,
analytic solution of thesc nonlinear differential equa-
tions is difficult. The results of numerical solutions of
the equations are presented in the next section.

The differential equations we have derived were
approximated by finite-difference equations. These
equations were then solved by starting with the given
initial conditions and integrating with time increments
of At. The calculation of values for the variables at
time ¢ were based on their old values at t—Af For
example, in (16), the old values of @] 441 and d at a time
of {—Af were used to get a new v for time £. Then this
new v was used in (5) to get a new value for d. Using
this approach it is assumed that the time steps chosen
will be small enough that the values of the variables do
not change considerably during one time step.
Numerical solution of these finite-difference equations
was then performed with a time increment of 30-60 sec
and a height increment above the inversion base of
1-3 m. These increment sizes were chosen to compromise
between an accurately detailed solution and a solution
with reasonable computer costs.

To get the initial value of d to use in the equations
before the time steps were started, the following
iterative scheme was used. First, an unrealistically large
value of ¢ was chosen. Then, finding the value of ©;4

W= —b3.
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F1c. 3. Predicted inversion rise for the case of constant
surface heat flux and no general subsidence.

using this initial guess for d and using the initial lapse
rate, a new d was calculated. This procedure was
repeated until  approached to within 19 of its asymp-
totic limit. It was this final value for d, and the asso-
ciated value for ©|.4, that were used when the time
steps were initiated.

4. Results

First, an examination of the equations is in order.
From (3) and (10) we see that the boundary layer
growth rate increases with increasing surface heat flux
and decreases with increasing subsidence, lapse rate and
inversion height. We also see that the heat flux at % can-
not drive the whole system when there is no surface heat
flux present (i.e., F,=0 when F;=0). The model was
further examined through numerical solutions of the
equations for a number of different cases.

For comparison purposes, the set of model equations
were first solved with a constant surface heat flux of
20 mW cm™ and with no subsidence. Finally, the
surface heat flux was made a sinusoidal function of time
to crudely simulate the daytime conditions, and
subsidence was also included.

In the case of constant heat flux, an initial inversion
lapse rate of 0.04K m~' was used with an entrainment
coefficient arbitrarily chosen to be 1.0. The rise of the
inversion is shown in Fig. 3. We see that the inversion
height as a function of temperature is greater than that
predicted by the initial lapse rate. This fact is observed
in the atmosphere. Although there is a change in lapse
rate immediately above the inversion base as is seen in
nature, there is also a finite temperature step at /# which
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is not found in nature. This unrealistic step would not
have been present if we had included the effects of
turbulence which is induced in the stable layer. Such
turbulence would smooth out the temperature profiles
above f. :

At =60 min in Fig. 3, for example, we see the
distance d of plume overshoot is indicated by that region
above the inversion base where the temperature has
cooled to below that of the initial lapse. Although a
temperature step has been generated by the model in
part of this region, we see that the whole region within
distance d of the inversion base is best represented by
a lapse rate approximated by (16) rather than by a
temperature step of A®. This is the justification for the
use of (16) and (5).

We can also see that the steepening of the lapse just
above the inversion base causes the entrainment rate
we to decrease. As is shown in Fig. 3, the inversion
height asymptotically approaches a line of slope 1.15
times the slope of the initial lapse. We see from (1) that
this is expected if the heat flux at % asymptotically
approaches —0.15F,, which is indeed what was found.
Furthermore, this general asymptotic limit for the
constant surface heat fiux case agrees with what has
been found in the planetary boundary layer.

If the effects of the initial lapse are continuously felt
by the rising inversion, then we should expect the
inversion height to approach a height-time func-
tional relationship similar to that predicted by (2).
The fact that this relationship was indeed found (as is
shown in Fig. 4) gives evidence that the lapse rate
above the inversion base, rather than the temperature
step, was the controlling influence.

Another case was tried in which subsidence was
assumed to be a linear function of height, and surface
heat flux was sinusoidal. The parameters were chosen
to coincide with those present in the fifth general
observation period of the Great Plains experiment
(Lettau and Davidson, 1957) as a test to see if this
model can represent what was actually -observed.
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T16. 4. Asymptotic dependence of the square of the
predicted inversion height upon time.
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F16. 5. Comparison of the model predictions (b) with approxi-
mate observed data of the Great Plains Experiment (a), where the
initial lapse as indicated by the solid line in (a) has been approxi-
mated by the three solid straight line segments in (b).

The approximate initial lapse present in the data as
shown by the solid line in Fig. 5a was approximated by
the three straight solid lines in Fig. 5b. Based on the
observed drop of an upper level inversion during the
course of the day, the divergence was chosen to be
b=9.23X107° sec™™. The initial potential temperature
and height of the mixed layer used in the model were
303.4K and 404.6 m, respectively. Again, the entrain-
ment coefficient was arbitrarily set to 1.0. A sinusoidal
function with half-period of about 9 hr and maximum
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amplitude of 33 mW cm™* was used to describe the
surface heat flux.

The results are shown in Figs. Sa and Sb, where Sa
shows the approximate observed data and 3b the com-
puted data. We see that the inversion height was com-
puted very accurately, while the temperatures were off
by about 0.8K by the end of the day. This error is in
part due to the imprecise heat flux, radiation, and
subsidence input forcings. We also see that the model
does not predict enough cooling above the inversion
base. This imperfection is also believed to be caused by
the fact that effects such as radiation and advection
were not included in this model. We did note, however,
that the results predicted by this model are relatively
insensitive to the value of E.

By measuring the actual downward turbulent heat
flux at &, we should be able to calculate the correspond-
ing value of E. As an example of F;, as a function of E
and time, the sinusoidally varying surface heat flux
conditions as modeled for the Great Plains data are
used to generate the information shown in Fig. 6. Thus,
if F could have been determined from the actual Great
Plains data, then we could refer back to Fig. 6 to get E.

As described earlier, € is defined in the idealized model
to be a measure of the percentage of the wisp that is
entrained into the mixed layer. However, when calcu-
lating ¢ from actual observed values of F,, we now
should consider the influences of other processes in the
real atmosphere which we have neglected in our

L

Local Time

. F16. 6. Relationship between the downward heat flux at the
inversion base and the entrainment coefficient for a sinusoidally
increasing surface heat flux.



1098

15 T T T T T ~T T T
€
= 1oF i
e
= O'Neill, Nebraska
o 3 7]
T 25 August. 1953

00 1 L ! 1 s ] MR

8est 10 12 14 16 18 20 22 24

Local Time (hr)

Frc. 7. Predicted inversion height (solid line) during the course
of a day. This predicted height agrees very closely with the actual
observed height (data points) for which it was modeled.

idealized model. For example, detrainment of air from
the protruding domes upward into the stable layer
above the inversion base can affect the value of €. Also,
for a rapidly changing surface heat flux, the measured
value of F) at any instant may not be in equilibrium
with the value of Fy at that instant. Thus, we see that
€ no longer has the pure definition used earlier for the
idealized model.

In general, we do see that the model realistically pre-
dicts the inversion rise in the morning and early after-
noon, and its fall in late afternoon as the entrainment
rate becomes weaker than the subsidence. Finally, at
night, the entrainment ceases entirely letting subsidence
push the inversion base (defined now by the passive
temperature lapse rate rather than the dynamic level
of maximum downward heat flux) downward. Such a
time profile prediction is presented in Fig. 7, where this
profile agrees very closely with the actual Great Plains
data.

5. Conclusions

The equations we have used in modeling the charac-
teristics associated with inversion rise are (1), (3), (9),
(10), (11), (13), (14), (15), (16) and (18). We have seen
that these equations simulate many of the properties of
inversions, and may be used with a fair degree of
accuracy in predicting real inversion rises in the
atmosphere. -

We must remember, however, the limitations of this
model. By assuming well-organized free convection, we
see that the model is not applicable to the initial rise of
a nocturnal inversion where, within a few Obukhov
lengths of the surface, wind shear is important. During
the night in situations where convection ceases, we
recognize that subsidence is the controlling influence,
pushing the inversion toward the surface.

We also must remember that the numerical coeffi-
cients used in (7) and (8) are crude estimates based on
very limited data; further experiments are planned to
determine these coefficients more accurately. However,
within its limitations, it is hoped that this model will be
helpful for use with general models of the unstable
boundary layer.

The relative success of this model in describing in-
version characteristics sparks interest in making further
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refinements and extensions. We plan to incorporate the
effects of radiation and advection into the model. Also,
we plan to include wind shear effects to extend the range
of applicability of the model to cases where the inversion
is near the earth’s surface. The effects of a combined
lapse rate and temperature step above the inversion
base will also be included by generalizing (3) to include
a temperature step. Eventually, we hope to include
atmospheric situations where clouds are present by
looking at latent heat changes.
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