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Oscillating growing linear modes
The results presented below were obtained with R = 105 and m = 1.495. The rest of the parameters
had their usual values. The magnetic flux tube stretches from the central axis to r = 1.2.

When the full magnetic field is evolved, steady growing lin-
ear modes exist for azimuthal numbers Mφ ≤ 6 and oscillating
modes exist for Mφ ≥ 8. These modes are indicated by a solid
line in the figure. The fastest growing mode is the oscillating
mode at Mφ = 12. When the magnetic field is averaged af-
ter every time step, all the modes are oscillating. These growth
rates are indicated by a broken line.

The oscillations are shown below by the contour plots of uz
sampled at a fixed azimuthal angle. They were obtained with

Mφ = 10 and a full magnetic field. The left is sampled at time 55.66 and the right half a period later
at 93.78. Dealiasing at the central axis set all modes to zero between 0 < r < 0.7.

Steady growing linear modes
The axisymmetric groundstate described above is perturbed in the azimuthal direction. After an initial
period of adjustment, linear modes appear that grow steadily until the numerical solution reaches its
nonlinear state. The time evolution of the linear mode for azimuthal number Mφ = 4 is shown below.
The results presented here were obtained with R = 104 and m = 1. The rest of the parameters had
their usual values. The magnetic flux tube stretches from the central axis to r = 1.7.

Growth rates
for the different
values of Mφ:
the widest wedge
have the fastest
growing mode;
for thin wedges
all perturbations
are damped.

The contour plot of the perturbed vertical velocity (uz) on a fixed azimuthal plane, taken at time
35.42 for azimuthal number Mφ = 4, shows that the modes grow mainly outside the flux tube in the
area where convection occurs. (Black is positive contours, red negative, and green the zero contour.)
Oscillations penetrate into the magnetic flux tube, but their amplitudes decrease dramatically as they
approach the central axis. The dealiasing at the central axis cuts off any modes between 0 < r < 0.75.
These linear modes are growing steadily in amplitude until the nonlinear stage is reached.

By taking the average of the magnetic field after each time step, the influence of the magnetic field
on the linear modes can be assessed. These growth rates (the dashed line in the figure) show similar
behaviour to the calculation using the full magnetic field (the solid line).

Groundstate
The simulation is initialized with an axisymmetric, time independent ground state, which has a well
defined flux tube at the central axis and two convection cells towards the outer boundary [7,8].

                
 

 

 

 

 

 

The diagnostic is divided into two
boxes. The top box shows the
temperature in colour (blue is cold
and red is hot), the velocity field
as arrows, and the magnetic field
lines as contour lines. The bottom
box shows the azimuthal current
in colour, the arrows are the mag-
netic field indicating size and di-
rection, and the contour lines rep-
resent the density.

The ground state shown here was obtained with Rayleigh number R = 105, Q = 100, σ = 1, ζ0 = 0.2,
γ = 5/3, θ = 10, m = 1.495, and Γ = 3. The Reynolds number is Re = 12 and the magnetic
Reynolds number Rm = 59.9. The maximum Mach number in the solution is 0.1, with the plasma
beta 16.5 < β < 1.1× 109 and the density 0.984 < ρ < 36.1.

[7] N E Hurlburt & A M Rucklidge, 2000, MNRAS, 314, 793-806.
[8] G J J Botha, A M Rucklidge, N E Hurlburt, 2006, MNRAS, 369, 1611-1624.

0
z

1

0 r Γ

Numerical model
The grid is a 3D wedge of a cylinder (r, φ, z) with radius Γ. The azimuthal number Mφ = 2π/φmax
quantifies its width, while the depth is measured from the top (z = 0) to the bottom (z = 1). The
numerical model operates with Mφ ≥ 4.

•Magnetic field at top and bottom vertical.

• Temperature obeys Stefan’s law at top boundary, while it
is fixed at bottom boundary.

• Slippery, perfectly conducting, thermally insulating out-
side wall.

• Periodic in the azimuthal direction.

• Regularity conditions apply at central axis (r = 0):
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In the numerical simulations we use a fourth-order Bulirsch-Stoer type time integration, with sixth-
order compact finite differencing [6] in the (r, z) plane. The azimuthal direction is treated spectrally,
with the level of dealiasing increasing towards the central axis to keep grid uniformity.

[6] S K Lele, 1992, J. Comp. Phys., 103, 16-42.

Mathematical model
Initial temperature and density profiles are

T = T0(1 + θz), ρ = ρ0(1 + θz)m, (1)

with the 0 subscript defining the quantity at the top of the box (z = 0), θ the initial temperature
gradient, and m the polytropic index. Throughout we have used T0 = 1, ρ0 = 1, θ = 10 and m ∈
{1, 1.495}. We solve the equations for fully compressible, nonlinear magnetoconvection:
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The quantity ψ was introduced to help with divergence clear-
ance [5] and is evolved by equation (6). Velocity ch is asso-
ciated with the CFL condition and c2p = αch, where α is a
chosen constant, the amplitude of which influences the size
of max(∇ ·B) as shown in the figure on the right.

The velocity consists of three components: u = u(r, φ, z).
We use the auxiliary equations

P = ρT, ∇ ·B = 0, j = ∇×B, (7)

together with the notation: τ the rate of strain tensor; γ the ratio of specific heats; σ the Prandtl
number; K the dimensionless thermal conductivity; ζ0 the magnetic diffusivity ratio at z = 0; Q the
Chandrasekhar number. All quantities are dimensionless using the scaling

• length ∝ depth,

• time ∝ depth / (sound speed at top),

• temperature; magnetic field; density; pressure ∝ initial values at top.
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Observations
Part of largest spot in active region 10030 on 15 July 2002 recorded with
the Swedish 1-m Solar Telescope using adaptive optics [3]. A narrow-
band filter of 430.5 nm was used. The image is approximately 29 Mm
wide and 19 Mm high.

The magnetic field forms a coherent structure over the entire penumbra
[1]. Dark penumbral cores show a field that is about 40◦ inclined near
the umbra, changing to near horizontal at the edge. Bright filaments
in the penumbra have a magnetic component that has an inclination of
35◦ at the inner regions and 60◦ at the outer regions. Plasma flow is
horizontal and roughly aligned with magnetic structures where the latter
are horizontal, with hot upflows at the filament footprints near the um-
bral boundary and strong, spatially narrow downflows at the edge of the
magnetic structures [2].

Pores exhibits flow structure and sometimes a rudimentary penumbra. Around the pore (in a 2” zone)
the surface flow is inward towards the pore, while at large distances it is away from the pore [3]. Small
granules and granular fragments are swept towards the pore where they sometimes penetrate the pore
as short-lived features similar to umbral dots. Inside the pore the velocity is close to zero, while around
the pore there exist strong and narrow downflows to such an extent that the vertical velocity gradient
at the pore edge is stronger than in intergranular lanes [4]. Needle-like structures with a radial extent
of 10” were observed around some pores, exhibiting upflow near the pore and downflow at the other
end [4]. Even with these structures present, normal granular convection surrounded the downflows.

[1] K. Langhans, G.B. Scharmer, D. Kiselman, M.G. Löfdahl, T.E. Berger, 2005, A&A, 436, 1087-
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